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The time evolution of some quantum states can be slowed down or even stopped under frequent 
measurements. This is the usual quantum Zeno effect. Here, we report an operator quantum Zeno 
effect, in which the evolution of some physical observables is slowed down through measurements 
even though the quantum state changes randomly with time. Based on the operator quantum 
Zeno effect, we show how we can protect quantum information from decoherence with two-qubit 
measurements, realizable with noisy two-qubit interactions. 



PACS numbers: 03.67.Pp, 03.65.Xp, 03.65.Yz 

Introduction. — The quantum Zeno effect (QZE) pre- 
dicts that frequent measurements can freeze the time 
evolution of a quantum state [IHJ. Strictly speaking, the 
state need not be frozen in a single state, it could just 
be frozen within a multidimensional subspace, the Zeno 
subspace O [6]. In a typical QZE, a set of observables 
commuting with each other are measured, and the state 
could evolve within the Zeno subspace in the presence 
of a Hamiltonian. In this paper, we consider a different 
scenario for a quantum Zeno-like effect, where the observ- 
ables need not be commutative. In this case, the state 
may change with time as a result of the measurements. 
In contrast to the usual QZE, we find that even though 
the state is not frozen in time, certain physical quantities 
can be frozen through frequent measurements. We coin 
this effect as operator quantum Zeno effect (OQZE). 

Protecting quantum states from decoherence is crucial 
for practical quantum information processing. A num- 
ber of methods have been proposed for decoherence pro- 
tection, including passive methods, e.g., decoherence-free 
subspace [7-9 , and active methods, e.g., quantum error 
correction code (QECC) [lOHE] and dynamical decou- 
pling [TsHIl]. In the case of the two active methods, 
accurate quantum operations are required. The QZE 
is also proposed for dealing with decoherence by fre- 
quently measuring stabilizers of QECCs [161 Ull- 
cently, it has been shown that QZE-based schemes can 
help suppress decoherence while allowing for full quan- 
tum control [18 . Compared with QECC and dynamical 
decoupling, QZE-based schemes tolerate erroneous mea- 
surements, because measurement outcomes are not read. 
However, in previous QZE-based schemes, multiqubit 
measurements are required due to the nonlocality of sta- 
bilizers, which means one either needs multiqubit interac- 
tions or simulating multiqubit measurements with quan- 



tum circuits composed of single- and two-qubit quantum 
gates. 

In this paper, we show a new protocol of suppressing 
decoherence based on the OQZE. In our protocol, mea- 
surements are noncommutative providing protection with 
only single- and two-qubit measurements. The measure- 
ments cause the state to evolve randomly even though 
the encoded logical states do not, provided the frequency 
of measurements is sufficiently high. Since the measure- 
ment outcomes are not read, the operations of the mea- 
surements can be realized with noisy two-qubit interac- 
tions. 

Operator quantum Zeno effect. — Consider a set of mea- 
surements {7^(^)} containing K independent measure- 
ments, where k = 1,2,.. Here, a measurement su- 
peroperator = ^ .M^ ^^ and {M^ ^} satis- 

fies the sum rule Mq^^^ Mq^^ = 1. Each measurement 
is performed instantly, and measurements are always se- 
quentially done and denoted as 7^ = ... 7^(2)7^(1). 
Suppose these measurements are performed TV times dur- 
ing the entire time of evolution r at equal intervals. For a 
system whose free evolution is governed by the Hamilto- 
nian the superoperator describing the time evolution 
is U{t) = e^^ where the generator £• = — •]. The 
state of the system at time r is then given by 

p{t) = [U{T/N)Vfp{Q), (1) 

where p(0) is the initial state. On the other hand, the 
time evolution of an operator A acting on the system is 
given by 

A{t) = [P^U{-r/N)fA, (2) 

so that Tr[A(r)p(0)] = Tr[Ap(r)] due to the cyclic prop- 
erty of the trace. Here, = 7^(i)t7^(2)t . . . ^^Wt and 
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j^m. = Mf^\M]^\ Note that while P is a POVM, 
V"^ may not be one. 

We now consider the case in which A commutes with 
ah measurements, i.e., [A^M^^] = 0. Expanding time 
evolution operators, A{r) = VA + 0(1/A^), where 

V={r^[l-{T/N)C]}'', (3) 

and Tr[0(l/A^)p] vanishes in the limit ^ oo for any 
state p i.e., limAr^oo \\0{1/N)\\ = 0, if ||A|| and ||i^|| 
are both finite, where || • || denotes the trace norm of a 
matrix. A sufficient condition of the operator Zeno effect 
is that 

V'^CA = -i[P'^H,A] =0. (4) 

Under this condition, the expansion of VA shows that 
VA = A\19\. Therefore, A{r) = Am the limit TV ^ oo. 

We would like to remark that the OQZE is different 
from a Heisenberg-picture formulation of the QZE. The 
Heisenberg picture and the Schrodinger picture are dif- 
ferent formulations of the same physical process. Under 
the Schrodinger picture, the quantum state in a QZE is 
frozen by frequent measurements. However, in the same 
picture, the state changes randomly under the measure- 
ments in the OQZE. 

Time evolution of states. — Consider a sequence in 
which {7^(^)} are all projective measurements of ob- 
servables {A^^^} for each /c, respectively. Clearly, 7^^^^ 
projects any state to an eigenstate of A^^^. So in this 
sequence, V''^^ projects an eigenstate of A*^^"^^ to an 
eigenstate of A^^^. If {A^^^} do not commute with each 
other, these observables do not have common eigenstates, 
implying that the state evolve under the measurements 
even if the Hamiltonian of the system is switched off, i.e., 
H = 0. We reiterate that if {A^^^} commute with each 
other, the state can evolve in a Zeno subspace due to a 
nonzero H. This effect is typically known as the quan- 
tum Zeno dynamics [6^. However, it is different from our 
OQZE. 

In an OQZE, although the states may change, one can 
still employ the effect to protect quantum information 
without any feedback. This is because if the condition 
Eq. Q is satisfied by a set of operators {A} which defines 
a tensor-product subsystem, the states of this tensor- 
product subsystem can be frozen due to the Zeno effect. 

Zeno quantum memory. — We encode m logical qubits 
using n physical qubits. In our protocol, the en- 
coding need not be a QECC. For n qubits, S = 
{]L,X,y,Z}^^ is a subset of the Pauh group. Ele- 
ments of E are all Hermitian and unitary, and any two 
elements of S either commute or anticommute. Log- 
ical qubits are represented by logical operators L = 
{Zi, Z2, . . . , -^1,-^2, • • • , ^m}^ which is a subset of 
S. Here, {Zi^Xi} are Pauli operators of the ith logical 
qubit. Logical operators satisfy [Zi^Zj] = [Xi^Xj] = 
for all i and j, [Zi^Xj] = for all i ^ j, and {Z^, Xi} = 



for all i. The group G{L), generated by L and overall fac- 
tors {±1, ±z}, is a Pauli group of m qubits. 

Decoherence is induced by the Hamiltonian H = Hs 
1b ^ ts Hb + HsB, where Hs, Hb, and Hsb are 
Hamiltonians of the system, the bath, and the interac- 
tion between the system and the bath, respectively. The 
Hamiltonian can be decomposed as = (^i^U where 
E = {ei} is a subset of S, {ai} are real coefficients or 
Hermitian operators of the bath, and ao is the coefficient 
of 1*^"^ = 15 . We assume that ||a^|| are all finite and 
E n G{L) = {1^^}, otherwise logical qubits cannot be 
protected by our protocol. Here, the second condition 
is automatically satisfied if i7 is a k-local Hamiltonian 
(only for the system), and the locality of every element 
of G{L) is higher than k, except 1^^. 

To protect logical qubits, elements of a subset of H, 
C = {c/e}, are measured sequentially. The measurement 
superoperator corresponding to the element Ck is V^^^* = 

p{k) ^ p{k) ^ p{k) ^ p{k)^ ^^^^^ p{k) ^ ^^^n ^ ^^^)/2. 

These measurements satisfy the following conditions: (i) 
elements of C all commute with elements of L; (ii) 
G(C) n G(L) = {1^^}, where G{C) is the group gen- 
erated by C and overall factors {±1, and (iii) every 
element of E^ except 1*^^, anticommutes with at least 
one element of C . Conditions (i) and (ii) ensure that the 
measurements do not read out or destroy any informa- 
tion in the logical qubits, and that all elements of G{L) 
commute with all The condition (iii) results in 

V^^H = aol^"^ [19 , i.e., the sufficient condition for the 
OQZE in Eq. Q is satisfied for all logical operators. As 
a result of the Zeno effect, the evolution of logical oper- 
ators can be frozen by frequent measurements, i.e., the 
stored quantum information is protected from decoher- 
ence. 

Two- qubit measurements. — One- local noise occurs if 
qubits are affected by the bath via two- local interactions. 
We show that, if G{C) is an Abelian group, two-qubit 
measurements are not enough to suppress general one- 
local noise. For general one-local noise, E contains all 
one-local elements of the system, i.e., H = Hi -\- i^others, 
where Hi = X]^=i(ai,x^i + CLi^yYi + cti^zZi). To sup- 
press noise on the qubit z, elements of C must involve at 
least two of {Xi^Yi^ Zi}. Now, we suppose that ci and 
C2 are two elements that involve Xi and 1^, respectively. 
If ci and C2 are both two-local, we write ci = XiCj and 
C2 = YiS. Because [ci, C2] = 0, we have {a, s} = 0, which 
means that a and s are operators of the same qubit and 
measurements of Ci and C2 projects two qubits, the qubit 
i and the qubit corresponding to a and 5, into a maxi- 
mally entangled state. We see that, these commutative 
two-qubit measurements project qubits into irrelevant 
maximally entangled pairs, i.e., the encoding of quan- 
tum information is not allowed. Hence, commutative- 
measurement based protocols, or stabilizer-measurement 
based protocols, are not consistent with two-qubit mea- 
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FIG. 1: The scheme of protecting one logical qubit encoded 
in three qubit s from noise. The quantum state \^l^in) is en- 
coded into three qubits by initializing the other two qubits in 
states |0) and |x,0), respectively. Here, |x, z/) is an eigenstate 
of X with eigenvalue (—1)^. To protect the logical state for 
time T, N sets of measurements are performed with the fre- 
quency / = N/t. Each set includes measurements of Z, ZZ, 
X, and XX on corresponding qubits. Here, we use Ma to 
denote the measurement of a. The logical qubit is decoded 
with Mz and Mx, whose outcomes are vz and z^x, respec- 
tively. Finally, a single-qubit operation is performed in order 
to correct the Pauli frame of the output state \^|^out)^ 



surements. 

In our protocol, because G{C) can be non-Abelian, we 
show that general one-local noise can be suppressed with 
only single- and two-qubit measurements. 

Three- qubit encoding - an example. — We consider three 
qubits as shown in Fig. [l] Only one logical qubit is en- 
coded as Z = Z1Z2 and X = X2X3. The measurements 
include C = {Zi, Z2Z3, X3, X1X2}, in which Zi and 
Z2Z3 (X3 and X1X2) are measured simultaneously. Z2Z3 
and X1X2 measurements are both two-qubit parity pro- 
jections. Initially, the logical quantum state is encoded 
in the logical computational basis l/i^^) = |0)i |/i)2|a:, 0)3, 
where /i = 0,1. Here, |x, /i)3 = (1/V2)[|0)3 + (-1)^|1)3] 
are eigenstates of X3. During the process, the basis states 
used for encoding can change randomly, depending on 
the outcomes {I'z^^zz^i^x^^xx} of the measurements C 
respectively. Here, Uk = 0, 1 are corresponding to eigen- 
values 1,-1, respectively. After measuring Zi and Z2Z3, 
the basis states are 

I'Pz) = Wz)l\l^®J^z)2\lJ^®1^z ®J^zz)3' (5) 

After measuring X3 and X1X2, the basis states are 

\Tl,) = {-ir^''-+''-^\<l>,,.^Ji,2\x,t^.h, (6) 
where the Bell states 

|0^,..Ji,2 = ^[|m)i|0)2 + ©M>i|l>2]. (7) 

Even basis states change randomly, one does not have 
to record the measurement outcomes during the process. 
To read out the logical qubit, Zi and X3 are measured si- 
multaneously, and only these two outcomes are recorded. 
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FIG. 2: The probabilities of Pauli errors, px, Py, and 
pz (solid line, dashed line, and dotted line, respectively). 
Here, we consider one-local noise with parameters {a^ = 
tti,^, which are uniformly distributed random 

vectors with ||a^|| < a. The unit of time is . One can 
find that px and pz are coincident. By increasing the mea- 
surement frequency (from top to bottom: without measure- 
ments, / = 10, / = 100 and / — 1000), one can reduce the 
probabilities of getting Pauli errors. 



The logical operators are converted into single-qubit op- 
erators as Z = (— 1)^^Z2 and X = ( — 1)^^X2, and basis 
states iJI^^t) = (-l)^''"|z^;s)i|/i©i^2)2|^, i^x)3, which only 
depend on the last two measurement outcomes. 

The time evolution of quantum logical operators is 
frozen by frequent measurements, i.e., their average val- 
ues do not change. Because quantum states of a qubit 
can always be described with the expression p = 1/2 + 
(X)X + {Y)Y + (Z)Z, where (•) denotes the average 
value of • in the state p, we conclude that the logical 
state has not evolved throughout the entire process. It is 
also shown in Ref. [19 how the encoded quantum infor- 
mation is stabilized by the measurements. 

Pauli errors. — We quantitatively describe the perfor- 
mance of the Zeno quantum memory with error super- 
operators. For any initial logical state pin^ the output 
logical state can always be written as pout = ^Pim where 
the error superoperator 8 is independent of the initial 
logical state. In our three-qubit example, we find that 
£• = Fm^pxXmX^pyYmY ^pzZ^Z if noise is isotropic. 
Here, F = 1 —px —PY—pz is the fidelity of the quantum 
memory and p^ is the probability of the Pauli error [a] , 
where a = X, F, Z. In Fig. |2) we show error probabilities 
changing with the storage time for varying measurement 
frequencies. One can find that error probabilities can be 
reduced by increasing measurement frequencies. 

Decoherence time. — The Zeno quantum memory can 
be combined with QECCs p!QHT2] . We propose to en- 
code a high-level logical qubit in many low-level logical 
qubits stored in Zeno memories. Here, we take Kitaev's 
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FIG. 3: The lifetime of a logical qubit protected by both 
frequent measurements and the surface code. Here, we uti- 
lize measurements described by superoperators Va{C)* — 
+ • + [(! — C)/2]cr«cr, where a is the measured operator. 
When C = the superoperator is a projective measurement 
investigated in the text. When C > 0, the superoperator 
corresponds to a weak measurement. By increasing the mea- 
surement frequency, one can extend the lifetime of the logical 
qubit. Numerical results show that our scheme also works 
with weak measurements. 



surface code as an example [20^. A surface code quan- 
tum memory is robust against errors with a threshold of 
max{px +Py , +Py } < 0.104, if quantum gates are per- 
fect. The threshold of fault-tolerant quantum comput- 
ing (FTQC) based on the surface code is - 1% [2X1122]. 
A gate error rate 1 or 2 orders of magnitude below the 
FTQC threshold will not significantly change the thresh- 
old of the quantum memory. With error probabilities 
lower than this threshold, the fidelity of the surface-code 
logical qubit is always higher by encoding with more low- 
level qubits. Thus, we can define a lifetime of Zeno quan- 
tum memories. If the storing time is shorter than the 
lifetime, errors can be corrected by the surface code and 
the fidelity of the high-level logical qubit can be arbi- 
trarily approaching unity with sufficient low-level logical 
qubits. The lifetime is not the maximum time of storing 
high-level logical qubit but the time before active error 
corrections start. In Fig. [3j we show the lifetime of the 
three-qubit Zeno quantum memory. 

Noisy two- qubit interaction. — In our three-qubit Zeno 
quantum memory protocol, because outcomes are not 
recorded, parity projections can be realized with noisy 
Ising interactions. The parity projection superoperator 
can be rewritten as Vaa^ = (1/2) • +(l/2)(jcr«crcr, where 
cr = X, Z. Therefore, the parity projection is equivalent 
to randomly performing the identity operation or the aa 
operation with the same probability 1/2. We describe 
the time evolution driven by a noisy Ising interaction 
as Uaa^ = J dJp{J)e-''^^'''' • e^^^^^, where p{J) is the 



probability density of the coupling constant J. Here, we 
choose a time t satisfying J dJp{J) sm{Jt) cos{Jt) = 
and Pcra = J dJp{J)s\v?{Jt) > 1/2. Then one can re- 
alize the parity projection by randomly performing the 
noise evolution with the probability l/{2p(ja)- 

Conclusion. — In this paper, we investigated the theory 
of the OQZE, in which states may evolve under frequent 
measurements even though the time evolution of certain 
operators can be frozen. We find a sufficient condition 
for the OQZE, though we believe that this condition is 
not a necessary condition and a more general condition 
may exist. The OQZE can be used to protect quantum 
information stored in logical qubits from decoherence. 
By taking advantage of the OQZE, quantum informa- 
tion can be protected with two-qubit measurements. We 
have only considered projective measurements analyti- 
cally, but our numerical results show that our protocol 
also works with weak measurements [TQ [l^ , as shown in 
Fig. [Sj Two-qubit measurements, and even many-qubit 
measurements can be implemented (even fault tolerantly) 
using local operations on the platform of quantum com- 
puters [18 . As shown in this paper, two-qubit measure- 
ments can also be simulated with noisy Ising interactions. 
Though we only show that the three-qubit encoding can 
protect the quantum information from general one-qubit 
noise, we believe that multiqubit noise can be corrected 
by encoding each logical qubit into more physical qubits. 
Finally, we note that we have not considered the feasi- 
bility of using quantum control during the protection of 
the logical qubits in our protocol, which deserves future 
investigation. 
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Supplementary Material 



THE EXPANSION OF EVOLUTION SUPEROPERATORS 



The evolution of an operator is given by Eq. (2) in the main text. An expansion of the evolution superoperator 
gives 

A{r) = {Pt[i _ ^r/N)C + £ tlIp^c']}N^^ 

1=2 ^' 

We rewrite A{t) as two parts A{t) = VA + 0{1/N)^ where 

VA = {V^[1-{t/N)C]}''A (9) 

and 

N-i / //\n2 

0(1/7V) = A{t) -VA = ^]{P^[1 - (r/7V)/:]}^-i-^^^^|p^/:2|pt[^ _ {r/N)C]}'^ + • • • . (10) 

m=0 

A further expansion of VA can be written as 

N 

VA = ^{-t/NY ^ pt^n£ . . . ptm2£ptmi£ptmo^^ (11) 

^^=0 {mo, mi ,...,777,^1} 

Here, {mo, mi, . . . , m^} are all integers satisfying Xir=o ~ ^ which mo is non-negative while others are all 
positive. Because [A, m\^\ = 0, we have T^t^o^ = ^ ^^^^i 



Therefore, if V^CA = 0, terms with a positive n are all zero and VA = A as a result of the term with n = 0. 
Here, we prove that for any state p, hmTv^oo Tr[0(l/A/')/)] =0. We begin with 



Tr[0(l/7V)p] = Tr 



A ({[I + {r/N)C + llM/:/]p}iv _ ^ (r/N)C]V}A p 



(13) 



which can be rewritten as 



Tt[0{1/N)p] = ^ ^ a|^J{^jTr(AP^^£^^ • . .p^n^ ^n^pm, ^mjymo (^4) 

{rii} {rrii} 

where {n^} and {m^} are all non-negative integers and {o^{ni}{mi}} non-negative real coefficients. Because 

|. . . prn2 £n2pmi ^mpmo Hermitiau operators, and a POVM does not increase the trace norm of a Hermitian 
operator (see the following two subsections for explanation) , we have 

nO{l/N)p] < E E (^{nMm.}im\\)^''"\\M, (15) 

{ui} {rui} 
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where right side can be obtained by replacing V with 1, A with ||A||, and C with 2||iJ|| in the right side of Eq. (13), 
i.e., 

{e^ll^ll- - [1 + [r/N){2\\H\\)f}\\A\\ = H «{n,}{„^.}(2|l^ll)^-"*PII- (16) 

{rii} {rrii} 

Because 

hm [l + (r/iV)(2||F||r = e2|l«lk, (17) 



we finally obtain 



lim Tr[0(l/7V)p] = 0. (18) 

AT^oo 



Trace norm and Trace 

For two Hermitian operators A and 5, Tt{AB) = Tt{AB + BA)/2^ where AB + BA is also a Hermitian operator. 
For a Hermitian operator, the trace norm is the sum of the absolute values of eigenvalues. Therefore, |Tr(A5)| = 
\Tt{AB^BA)/2\ < \\AB^BA\\/2< \\A\\\\Bl 

Trace norm and POVM 

A Hermitian operator A^ can be decomposed as A = — A-, where and A- are two positive Hermitian 
operators corresponding to positive eigenvalues and negative eigenvalues of A, respectively. Then, \\A\\ = Tt{A_^-\-A_) 
For positive Hermitian operators, ||^±|| = TtA±. Because VA± are also positive Hermitian operators, \\VA\\ < 
\\VA^\\^\\VA_\\=Tt[V{A^^A_)] = \\AI 

THE CONDITION (III) OF THE ZENO QUANTUM MEMORY &s THE CONDITION OF THE 

OPERATOR ZENO EFFECT 

Here we prove that the condition (iii) of the Zeno quantum memory provides a sufficient condition of the operator 
Zeno effect, i.e., Eq. (4) in the main text. 

As shown in the main text, the kth measurement superoperator is 7^(^)» 

= , pW + pW . pW, 

where 

P^^^ = (1*^^ + r]Ck)/2 and 77 = ±1. We can rewrite the measurement superoperator as 7^^^^» = (• + c/c • c/c)/2. 
Because Pr> are ah Hermitian, 7^^^)t = p{k) ^ 



7] 

We assume that 



Then, 



where 



pWt...pWtjf = ^aWe,. (19) 
I 



p(fe+i)tp(fc)t . . . pWtjy = J2 af^V^'^+^^Uu (20) 



p(fc+i)te, = i(e,+Cfc+ie(Cfe+i). (21) 

Here, c^+i either commutes or anticommutes with e^, because they are both Hermitian elements of the Pauli group. 
If c/c+i commutes with e/, V^^^^^'^ei = ei and a^^^^ = because of c^^^^ = t^^. Similarly, if c/^+i anticommutes 
with ei, 7^^^+i)te^ = and a[^+^^ = 0. 

Therefore, if every element of E = {e^}, except U*^^, anticommutes with at least one element of C = {cfe}, 
V^H = H^^^ = aol^"", which results in -i[V^H,A] = for any operator A. 
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THREE-QUBIT ENCODING: THE TIME EVOLUTION WITH NOISE 

In order to show how the encoded quantum information is stabihzed by the measurements, we suppose that the 
state of the encoded logical qubit is the eigenstate of the logical operator L = aX -\-/3Y -\-jZ with eigenvalue +1. Here, 
X = Y = Zi 12-^3 5 Z = Z1Z2 are logical Pauli operators, and Q^,/3,7 are all positive real number satisfying 

ce^ + + 7^ = 1. We would like to remark that the average value of (1 + I/)/2, the projector corresponding to the 
stored quantum state, is the fidelity of the quantum memory. 

After the first set of measurements, the state of three physical logical qubits is po = (1 + I/)/8 because four 
possible outcomes of {vx, i^xx} occur with the same probabilities. Then, after the time evolution driven by the noise 
Hamiltonian and the second set of measurements, we get 

p, = Ve-'"^/^p^e^"^'^ = Vpo - i^V[H, p,] - ^V[H, [H, p,]\ + ■■-. (22) 

Because Zi, ^2^3, ^1^2 and X^ commute with X, Y and Z, 

Pi=Po- i^iVH, po] - [H, po]] + ■■■■ (23) 

As a result of the condition (iii) of the Zeno quantum memory^ we have VH oc 1 (the proof is similar to it of V^). 
Therefore, after the second set of measurements, the probability of errors ~ 1/N'^. The effects of the subsequent 
evolutions under noise and measurements are similar. And after TV sets of measurements, the final probability of 
errors ~ 1/N. Therefore, by increasing TV, one can reduce the probability of errors and stabilize the stored quantum 
information. 



